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Motivation

» Start with an introduction to the finite element method (FEM) for solving
Poisson’s equation with piecewise linear “P1" finite elements

» In particular the weak formulation of PDEs is the key abstraction

> “Hello World!" for any numerical partial differential equation (PDE) solver
framework!

> Gives necessary background for dune-grid and dune-pdelab module
» We will implement the P; FEM in PDELab on Wednesday . ..



Challenges for PDE Software

> Many different PDE applications
> Multi-physics
> Multi-scale
> Inverse modeling: parameter estimation, optimal control
» Uncertainty quantification, data assimilation, ...
> Many different numerical solution methods
» No single method to solve all PDEs!
> Different mesh types, mesh generation, mesh refinement
» Higher-order approximations (polynomial degree)
» Error control and adaptive mesh/degree refinement
> lterative solution of (non-)linear algebraic equations
» High-performance Computing
> Single core performance: bandwidth vs. compute-bound
Parallelization through domain decomposition
» Robustness w.r.t. to mesh size, model parameters, processors
» Dynamic load balancing

= One flexible software to do it all!
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Flexibility Requires Abstraction!

» DUNE/PDELab is based on formulating numerical schemes as residual forms

> In order to implement a scheme it requires to put it to that form!

» Although you might be familiar with the FEM, you might not be familiar to the
notation used here

> When you have mastered the abstraction you can solve complex problems with
reasonable effort

> Still, there will be some learning curve . ..

» Important feature: Orthogonality of concepts:

» Dimension d =1,2,3,...

Linear and nonlinear

Stationary and Instationary

Scalar PDE and systems of PDEs

Uniform and adaptive mesh refinement of different types

Sequential and parallel

>
>
>
>

v

= |ntroduce one feature at a time!
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Strong Formulation of the PDE Problem

We solve Poisson’s equation with inhomogeneous Dirichlet boundary conditions:

2
An(A) :% gxw«\ SA 9 in Q, w: =R (1a)
. u= on 09, (1b)
» Q C R? is a polygonal domain in d-dimensional space
» Domains are open and connected sets of points
> A function u € C3(Q) N C°(Q) solving (1a), (1b) is called strong solution
» Inhomogeneous Dirichlet boundary conditions could be reduced to homogeneous

v

ones: we will not do this!

Proving existence and uniqueness of solutions of strong solutions requires quite
restrictive conditions on f and g



Weak Formulation of the PDE Problem

Let u be a strong solution, take a test function v € C}(Q)N C%(Q), v = 0 on 02, then:

/(—Au)vdx:/(—V-Vu)vdx:/Vu'VvdX—i-/ (=Vu)-v vds:/ fv dx .
Q Q o0 Q
—_———

=:a(u,v) =0(v|s0=0) =:/(v)

Question: |s there a vector space of functlons V with Vy = {ve V:v=gondQ}
and Vo ={v € V:v =0o0n 9dQ} such that the problem \/
v'J
ue Vg a(u,v) =1(v) Vv e W \/g \/o (2)

has a unique solution?
Answer: Yes, V = H(Q). This u is called weak solution.
Advantage: Weak solutions do exist under less restrictive conditions on the data.



The Finite Element Method

vvyyypy v

v

The finite element method (FEM) is one class of methods for the numerical
solution of PDEs

Others are the finite volume method (FVM) or the finite difference method (FDM)
FEMs are based on a weak formulation of the PDE
In this lecture we will focus on the conforming finite element method

Its basic idea is to replace the space (infinite dimensional) space V by a
finite-dimensional space V), C V

The construction of these finite-dimensional spaces needs some preparations . ..



Finite Element Mesh

en(0)=2, gnr(1)=3, gn(2)=1,
gr(0) =2, gr,(1)=1, gr(2) =4
gT3(0) = 17 gT3(1) = 37 gT3(2) =5,
gr,(0)=1, gr,(1)=5 gn(2)=4
Tint = {1}, 799 = {2,3,4,5}
> A mesh consists of ordered sets of vertices and elements:
N=G
Xh:{Xl,...,XN}CRd, 777:{7_1,...,7_[\/]} M=4
» Simplicial element: T = interior(convex_hull(x7,...,xT.d))
» Conforming: Intersection of boundary is subentity P-
» Local to global map : gr : {0,...,d} %ﬁ'%
VT €Th,0<i<d:gr(i)=je x1,=X. 3
» Interior and boundary vertex index sets: I, = I,’;”t U I,?Q,

It ={icT, xcQ},IM={icTy:  x €}



Reference Element and Element Transformation

0,1 (0,0,1
(0,1) ) 0.1.0)

(
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> T9 s the reference simplex in d space dimensions
» The mesh 7 is called affine if for every T € T}, there is an affine linear map

J7% y T,
pr(X) = BrX + br

with
Vie{0,...,d}: pr(Xi) = x7,i



Piecewise Linear Finite Element Space

> The idea of the conforming FEM is to solve the weak problem in a
finite-dimensional function space V}, C V used in the weak form:

up € Vg alup,v)=1(v) Vve V.
> A particular choice is the space of piecewise linear functions
Vi(Th) = {ve C%Q) : VT eTh:v|r € Pl}
where P§{ = {p:RY =R : p(x) =q x+r,qgcRY,
» One can show dimVj, = N = dimX}, and V, C Hl(Q)
> Lagrange basis functions: ve\l - ’UCx)~ ()6
®p={¢1,...,0n}, Vi,j GIh ¢i(xj) = dij =
» Test and Ansatz spaces:
D/\//e\& Vio={veV, Vie 9% . v(x;) = 0}, (vector space)
\[é\& \kp Vig ={v e Vy:VieZ¥?  v(x) = g(x))} = Vg + Vo (affine shifted space)

=2
re R} P(’(sz\ q1,<4+C(1_x 1\"]—

1 =g
O <2




Examples of Finite Element Functions

Here in two space dimensions:
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Computing the Finite Element Solution

Inserting a basis representation up = Zszl(z)jqu results in

a(up,v) =1I(v) Vv e Vhy (discrete weak problem),

N
(Z J¢j,¢;) = I(¢;) Vie I,’;”t (insert basis, linearity),
N_ .
= Z z)ja(pj, ¢i) = I(¢i) Vie Iyt (linearity).
= (A2);

Together with the condition up € Vp g expressed as
Uh(X,') =2z = g(X,') Vi e I/?Q
this forms a system of linear equations

B o a(¢j, ¢i) i€ Z,’;"t o I(¢;) i€ I,’;”t
L/AZ - b) (A)I,J - { 5,‘71' = I}?Q ) (b)l - g(Xi) = I;?Q
N% N v ox

11



Solution of Linear Systems

» Exact solvers based on Gaussian elimination

v

This may become inefficent for sparse linear systems

> [terative methods (hopefully) produce a convergent sequence

lim zK =z
k—o0

> A very simple example is Richardson’s iteration:

B
2K = ZK 4 w(b — AZ9), R>w >0,
Lafeck

requiring only matrix-vector products
» Krylov methods require also only matrix-vector products

» Larger and/or difficult problems require efficient preconditioners

| Z-2%(< Tor
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Three Steps to Solve the FE Problem

1. Assembling the matrix A. This means the computation of the matrix entries
a(¢j, ¢i) and storing them in an appropriate data structure

2. Assembling the right hand side vector b. This means evaluating the right hand
side functional /(¢;)

3. Solve the linear system Az = b using direct or iterative methods

4. Variant: Perform a matrix free operator evaluation y = Az within an iterative
solver. This involves evaluations of a(up, ¢;) for all test functions ¢;:

Ve.

N
AX I = Z(A IJ(X Za ¢ja¢/ = a(Vdfjv ¢I)
j=1

j=1

We now discuss how these steps are implemented
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G&R) x
Four Important Tools W E‘ a Lwc) AR w o)

1. Transformation formula for integrals. For T € Tp: Rl

/ry(x) dx = /Ty(ur(f())\ det Br|dR, where x = u7(X) = Brk + bt

2. Midpoint rule on the reference element:

/ q(X) dx ~ q(54)wq, (S4: center of ci simplex) &t
5

11

(More accurate formulas are used later) t# (") 47 Q: 9‘)

3. Basis functions via shape function transformation: 4 2.6 2
R (90) ("°) ‘
=3 (&), Gi(%) =(8)i,i >0, ori(uT(R)) = ¢i(%)
i=1 X
4. Computation of gradients. For any w(;?f'(’;)) w(x

):
BrVw(ur(%)) =V (R) &  Vw(ur(R)) = Br V(&)

14



Assembly of Right Hand Side |

O
L

In computing (b); only the following elements are involved:

C(N={(T,m)eTpx{0,...,d} : gr(m) =

Then
(b)i = I(¢i) :/ fo;dx
=> / o dx

TeT,

- ¥ /fMT ))m ()| det Br| B

(T,m)eC(i)

= Z (MT(Sd))d)m(SdN det BT|Wd -+ err.

(T,m)eC(i)

%

(definition)

(use mesh)

(localize)

(quadrature)
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Assembly of Right Hand Side Il

> Now we need to perform these computations for all i € I,’;”t!

» Collect element-local computations: A
€

(bT)m = f(HT(Sd))¢m(5d)| det BT|Wd Vm = 0,. d
Siiuess z m
» Define restriction matrix Ry : RN — R4+ with Locd— l
L Picteingy 00k aaQeip” ¢ °'5'W
(Rrx)m = (x)i VO<m<d, gr(m ov

» Then %
b= Y Rfbr.
TE€Th
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Assembly of Global Stiffness Matrix |

In computing (A);; only the following elements are involved:

C(i,J) ={(T,m,n) € Th x{0,...,d} : gr(m)=ingr(n) =j}

Then
(A)ij = a(oj, di) = / V- Voidx (definition)
Q
= E Vo;- Vi dx (use mesh)
TeTh/T '

= > /(B;Tﬁqﬁn(g))-(B;T%m(x)ndetsﬂd& (localize)
(T,m,n)eC(ij) T

= Z (B3 "V ¢n(54)) - (B7 TV dm(S4))| det Br|wq. (quadrature)
(T,m,n)eC(i,j) >
Vo epvov
noarecd, ¥
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Assembly of Global Stiffness Matrix Il

> Now we need to perform these computations for all matrix entries!
» Define the d x d + 1 matrix of shape function gradients

& = [Vo(3a)), - Vda(5a))] -

and the matrix of transformed gradients Axd

l[. "
G=B7"6G

» Define the local stiffness matrix
AAx %A

'

> Ar = GTG’detBT’Wd.

» Then
A= RIAIRr.

TeTh G s Eorued oxplicirty )
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Matrix-free Operator Evaluation

» Similar considerations apply for the operation y = Az

> Pick out the coefficients on the element T:
zr = Rtz
» Perform the element-local computation:
y1 = |det Br|wy G Gzt
» Accumulate the results:

Az = Z RIyr.
TETh

19



Implementation Summary

> All necessary steps in the solution procedure have the following general form:

1: °f\gr TeTpdo g Aove \03 wsey > loop over mesh elements
20 ~zr = Rrz— > load element data
3: qT = compute(T, z7) \J_)., AT > element local computations
4: Accumulate(qr) > store result in global data structure
5: end for

» PDELab provides a generic assembler that performs all these steps, except (3)

which needs to be supplied by the implementor of a FEM
P All these concepts carry over to

>

vyvyvyYVYyy

Nonlinear problems

Time-dependent problems

Systems of PDEs

High-order methods

Other schemes such as FVM, nonconforming FEM
Parallel computations

20



a(w&_‘v) = £Zcv) \;Ue\/&

Residual Forms (= alup)-Leo) =0 Foe Yy
w——‘\f—\)
T"(V-A(M’) =0

» The FEM based on the weak formulation may equivalently be written as
Find up € Uy s.t.: rﬁ°iss°"(uh, v)=0 VveV,.

where rPosson(y, v) = a(up, v) — I(v) is the residual form
» This residual form is affine linear in uy and linear in v

» A nonlinear PDE results in a residual form r(u, v) that is nonlinear in its first
argument

> In that sense a linear problem is only a special case

» Residual forms are always linear in the second argument due to linearity of the
integral

> PDELab uses the concept of a residual form as its main abstraction!

21



Generalization

» More complicated discretization schemes:

r(u,v) = Z oY (Rru, RTv) + Z M(Rrv)
TETh TeTh

S
+ Z aF(RT; u, Rru, RT; v, Ry+ v)
FeF]

+ Z aE(RT;u7RT;V)+ Z /\E(RT;V)
Fery? FeFoo

> Instationary problems: Find uj(t) € Uy s.t.:
demp(up(t), vit) + rp(up(t),v;t) =0 Vv eV,
> Systems of PDEs: Find up € Uy = U} x ... x U; s.t.:
m(up,v) =0 Yve V=V x...xV;

22
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The PDE Problem Revisited

We solve Poisson’s equation with inhomogeneous Dirichlet boundary conditions:

—Au=f in Q
u=g on 0N
The weak formulation is
ue Vg a(u,v) =1(v) Vv e W
with
a(u,v) = /QVU -Vvdx and [(v)= /Q fv dx
and

Vo = Hp(Q)
Ve={veH Q) : v=us+wAullp=grwe V}

o
H)

25



Generic Assembly Loop

1: for T € 7, do > loop over mesh elements
2: zr = Rrz > load element data
3: qT = compute(T, z7) > element local computations
4: Accumulate(qT) > store result in global data structure
5: end for

Only the computational kernels compute( T, z1) need to be implemented by the user
to implement the finite element method

26



Assembly of Right Hand Side

> Now we need to perform these computations for all i € I,’;"t!

» Collect element-local computations:
(b7)m = F(1e7(54))dm(5q)| det Brlwg ¥Ym=0,...,d
» Define destricti trix R : RV — RI*L with 2y=R XA
efine destriction matrix Rt wi /««r(x-\ E‘_x QT
(Rrx)m = (x)i Y0 < m<d, gr(m)=1i,
» Then

b= > Rfbr.
T€Th

27



Assembly of Global Stiffness Matrix

> Define the d x d + 1 matrix of shape function gradients
G = |[Vo(8a)), - Véa(80))]
and the matrix of transformed gradients
G=B;"G
» Define the local stiffness matrix
Ar = G G|det Br|wy.
> Then

A=Y R{ATRr.
TET

28



Matrix-free Operator Evaluation

A

» Similar considerations apply for the operation y = Az

» Pick out the coefficients on the element T:
ZT = RTZ
» Perform the element-local computation:

y1 = |det Br|wyG' Gzr

» Accumulate the results: A-r

Az = Z RIyr.
TETh

L

-{Zefwr)

Zzwr
"Er

71-
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The Duniverse

dune-pdelab-tutorials l

dumux
1 |  dune-fufem

dune-pdelab — dune-fem

dune-localfunctions Dune core modules

1

dune-grid o dune-istl

AluGrid ¥
UGY

1

Alberta Y

dune-geometry

——

dune-common

\* SuperLU

" UMFPACK

24



Overview DUNE/PDELab Implementation
Pcla.\o.\o—‘\-u-\-w wls [tuer 0l 00/ 5

Files involved are:
1) File tutorial00.cc
» Includes C++, DUNE and PDELab header files
» Includes all the other files
» Contains the main function
» Creates a finite element mesh and calls the driver
2) File tutorial00.ini
> Contains parameters controlling the execution
3) File driver.hh
> Function driver setting up and solving the finite element problem
4) File poissonpl.hh
> Class PoissonPl realizing the necessary element-local computations

Now lets go to the code ...

30
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Generic Assembly Loop

e GeidOgerner
1: for T € 7, do > loop over mesh elements
2: zr = Ryz (—DO‘LQO(“”'J‘W > load element data
3: qT = compute(T, z7) > element local computations
4: Accumulate(qT) > store result in global data structure
5: end for

Only the computational kernels compute( T, z1) need to be implemented by the user
to implement the finite element method
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G&R) x
Four Important Tools W E‘ a Lwc) AR w o)

1. Transformation formula for integrals. For T € Tp: Rl

/ry(x) dx = /Ty(ur(f())\ det Br|dR, where x = u7(X) = Brk + bt

2. Midpoint rule on the reference element:

/ q(X) dx ~ q(54)wq, (S4: center of ci simplex) &t
5

11

(More accurate formulas are used later) t# (") 47 Q: 9‘)

3. Basis functions via shape function transformation: 4 2.6 2
R (90) ("°) ‘
=3 (&), Gi(%) =(8)i,i >0, ori(uT(R)) = ¢i(%)
i=1 X
4. Computation of gradients. For any w(;?f'(’;)) w(x

):
BrVw(ur(%)) =V (R) &  Vw(ur(R)) = Br V(&)
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